Average Atom Model based on Quantum Hyper-Netted Chain Method by Chihara, Junzo
ar
X
iv
:1
51
0.
08
61
6v
5 
 [c
on
d-
ma
t.s
tat
-m
ec
h]
  1
4 A
pr
 20
16
Average Atom Model based on
Quantum Hyper-Netted Chain Method
Junzo Chihara∗
Higashi-Isikawa 1181-78, Hitachinaka, Ibaraki 312-0052, Japan
Abstract
The study shows how to define, without any ad hoc assumption, the average
ion charge ZI in the electron-ion model for plasmas and liquid metals: this
definition comes out of the condition that a plasma consisting of electrons and
nuclei can be described as an electron-ion mixture. Based on this definition of
the average ion charge, the Quantum Hyper-Netted Chain (QHNC) method
takes account of the thermal ionization and the resonant-state contribution
to the bound electrons forming an ion.
On the other hand, Blenski and Cichocki (2007) have derived a formula to
determine the uniform electron density in a plasma as an electron-ion mixture
by using the variational method with help of the local density approximation.
Without use of any approximation, we derived the formula determining the
electron density in an extended form on the basis of the density functional
theory. This formula is shown to be valid also for the QHNC method.
Keywords: Ion Charge, Average Atom, Hot Dense Plasmas, HNC, DFT
1. Introduction
A liquid metal or a plasma can be taken as a mixture of electrons and
ions with uniform ion density nI0 and electron density n
e
0. This binary mix-
ture consists of ions with a definite ionic charge ZI and the free electrons,
interacting with each other via binary potentials vij(r) [i, j = I or e] under
the charge neutrality condition ne0 = ZIn
I
0. Also, the ions are assumed to
behave as classical particles, while the free electrons form a quantum fluid
∗E-mail address: jrchihara@nifty.com
Preprint submitted to High Energy density Physics July 12, 2018
changed into a classical fluid at high temperature. We call this mixture ”the
electron-ion model” for a plasma. Although it is important to calculate the
average ion-charge ZI in a plasma for description of thermodynamic quan-
tities, there is no established method to determine ZI in the electron-ion
model at the present time. In this work, we show how to obtain the defi-
nition of the average ion-charge ZI in the electron-ion model. Under some
condition only, a plasma as an electron-nuclei mixture can be treated as an
electron-ion mixture on the basis of the electron-ion model. This condition
itself provides the definition of an ’average ion’ in the electron-ion model. To
establish this definition, we need the radial distribution functions (RDF) as
already known quantities in an electron-ion mixture with the given electron-
ion and ion-ion interactions, veI(r) and vII(r). In this regard, the quantum
hyper-netted (QHNC) method [1] can determine the RDFs in the mixture
for arbitrary interactions vij(r) [even for charged hard-core potentials]. On
the other hand, Saumon and coworkers [2] have calculated ZI with use of the
QHNC method on the basis of some ad hoc assumptions about a separation
of the bound electron density distribution from the total electron density
distribution around a nucleus in a plasma: these assumptions can be avoided
by use of the present definition of ZI.
The QHNC method can produce the plasma structure including ZI at ar-
bitrary temperature T and ionic density nI0 from the atomic number ZA as an
only input [3]. It should be emphasized that the QHNC method yields struc-
ture factors in good agreement with experiments for simple metals [4, 5, 6].
Also, this method can determine the electron-electron correlation in a consis-
tent way with the ionic structure without use of jellium model for electrons
[7, 8, 9]. However, the QHNC method has the following two weak points,
to be improved, about the determination of ZI and a bootstrap relation to
generate the electron-electron correlation consistent with the ion structure,
as follows:
(I) In the QHNC method, the ionic charge ZI = ZA−ZB is simply defined
from ZB ≡
∫
nbe (r)dr using the bound-electron density n
b
e (r) for the wave
equation. Therefore, this definition does not take account of the contribution
of resonant states to ZB. On the other hand, Blenski and coworkers [10,
11, 12] have derived an equation to determine the electron density ne0 in
a plasma by using the variational method (VAAQP model). Although the
VAAQP model provides ZI = n
e
0/n
I
0 and ZB, it can not give the bound-
electron distribution ρb(r) to fulfill ZB =
∫
ρb(r)dr and, thus, the ion-ion
2
correlation gII(r). In this work, we derived two relations which are valid
within the framework of the density functional (DF) theory and the electron-
ion model.
(a): In the electron-ion model, the average ion charge ZI is defined as
ZI =
ne0
nI0
= ZA −
∫
[ne(r)−ne0geI(r)]dr = ZA −
∫
ρb(r)dr (1)
ρb(r) ≡ ne(r)−ne0geI(r) . (2)
This relation is derived from the necessary condition that a plasma consisting
of electrons and nuclei can be described as a mixture of electrons and ions.
At the same time Eq. (1) is rewritten in the equivalent relation:
ZA =
∫
[ne(r)−ne0gII(r)]dr . (3)
Here, geI(r) and gII(r) are the electron-ion and ion-ion RDFs, respectively, in
the electron-ion model, and ne(r) is the electron density distribution around
the nucleus, when a chosen ion in this mixture is thought as an inserted atom
with a nucleus ZA.
(b): The uniform density ne0 in the electron-ion model must satisfy the
following condition:∫
ves(r)gII(r)dr = µSII(0)/n
I
0 = µκT/β , (4)
with SII(Q) being the structure factor. The above equation is reduced to
the result of Blenski et al, when we make approximations, gII(r) by the
step-function and SII(0) = 0. Equations, (1) and (4), solve the problem to
determine the average ion charge ZI.
(II): The QHNC method uses the following bootstrap relation to determine
the electron-electron response function χee(Q) from the electron density dis-
tribution ne(r|e) around a fixed electron in a plasma:
FQ[ne(r|e)− ne0] ≡
∫
[ne(r|e)− ne0] exp(iQr)dr = χee(Q)/χ0Q − 1 (5)
with the density response function χ0Q of a non-interacting system. This
relation results from the approximation used by Kukkonen and Overhauser
[13, 14] for an electron gas. Since Eq. (5) is an exact relation for a classical
3
electron gas, it is appropriate in treating a high-temperature plasma. There-
fore, the QHNC method with the use of Eq. (5) provides a good description
of the pair correlations for a hydrogen-plasma gas at low densities and high
temperatures where the electrons behave as a classical electron gas [15]. How-
ever, Eq. (5) contains an approximation that the fixed electron in a liquid
metal has the exchange effect to surrounding electrons: the exchange-effect
part must be subtracted in the form:
FQ[ne(r|eˆ)− ne0] = χee(Q)/χ0Q − 1− ne0βvee(Q)Gx(Q)χQ . (6)
Here, Gx(Q) is the exchange part of the local field correction. If we approx-
imate Gx(Q) by the use of G
jell
x (Q), which is well known for an electron gas
in the jellium model, the QHNC method yields a closed set of equations for
plasma properties. To get a closed set of equations to determine all quanti-
ties in a self-consistent manner it is necessary to build up a new equation for
Gx(Q).
2. Charge neutrality condition in the electron-ion model
At first, we note exact relations between the structure factors Sij(Q) in
the electron-ion model [1]:
SeI(Q) =
ρ(Q)√
ZI
SII(Q) (7)
χee(Q) =
|ρ(Q)|2
ZI
SII(Q) +
χ0Q
1− ne0Cee(Q)χ0Q
. (8)
Here, ρ(Q) is the screening density distribution of a pseudo-atom defined by
the non-interacting density response function χ0Q and the direct correlation
functions Cij in the electron-ion mixture:
ρ(Q) ≡ n
e
0CeI(Q)χ
0
Q
1− ne0Cee(Q)χ0Q
. (9)
Thus, Eq. (7) leads to the exact relation, which must be followed in any
electron-ion model:
ZISII(0) =
√
ZISeI(0) = See(0) = χee(0) = n
e
0κT/β , (10)
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with the compressibility κT. By the inverse Fourier transform, the first part
of the above equation is rewritten in the form
ZI = n
e
0
∫
[geI(r)− 1]dr− ZInI0
∫
[gII(r)− 1]dr , (11)
which states that an ion fixed at the origin keeps the charge neutrality by
accumulating the free electrons and by pushing away the ions around it in
the whole space, not within the Wigner-Seitz cell.
On the other hand, when we fix an ion in the electron-ion mixure at the
origin of coordinates, the nuclei forming this ion has the electron density ne(r)
around it; this electron density ne(r) is obtained by solving a wave equation
for the external potential caused by this fixed nucleus as a sum of the bound
electron density nbe (r) and the continuum electron density n
c
e(r). Further-
more, the electron density ne(r) satisfies the following equation represented
in terms of the Friedel sum of phase shifts δℓ(E)∫
[ne(r)−ne0]dr =
∑
ǫi<0
f(ǫi) +
2
π
∑
ℓ
(2ℓ+1)
∫ ∞
0
f(E)
dδℓ(E)
dE
dE , (12)
where ne(r) = n
b
e (r)+n
c
e(r) = ρb(r)+n
f
e(r|N) is a sum of the ”bound elec-
tron” distribution ρb(r) and the free-electron distribution n
f
e(r|N) with f(ǫ)=
1/[exp{β(ǫ−µ0e)}+1]. If we take the bound-electron density nbe (r) to define
ZB=
∫
nbe (r)dr=
∑
ǫi<0
f(ǫi), the free-electron part n
f
e(r) =n
c
e(r) must satisfy
the following relation:
ZISII(0) =
∫
[nfe(r)− ne0]dr = ZInI0κT/β =
2
π
∑
ℓ
(2ℓ+ 1)
∫ ∞
0
f(E)
dδℓ(E)
dE
dE .
(13)
This relation is fulfilled generally for simple metals. However, there are some
liquid metals and plasmas, for which this relation cannot be satisfied due
to the large contribution of resonant phase-shifts and small compressibility
κT at the high density. As a consequence, we must treat in general a part
∆ρb(r) of the continuum electron n
c
e(r) as the part involved in the bound-
electron distribution ρb(r) to form an ion: ρb(r) = n
b
e (r)+∆ρb(r) and ZB=∫
[nbe (r)+∆ρb(r)]dr.
For the purpose of obtaining the expression of ∆ρb(r), let us consider a
chosen central ion as an atom immersed in the electron-ion mixture with a
nucleus ZA fixed at the origin of coordinates: the electron-ion model with
5
a nucleus, forming the central ion, fixed at the origin is referred to as ”the
average atom (AA) model”, hereafter. This nucleus accumulates electrons
with the electron density ne(r)≡ne(r|N) and pushes away surrounding ions
with nI(r|N), keeping the charge neutrality condition around it:
ZA =
∫
[ne(r|N)− ne0]dr− ZI
∫
[nI(r|N)− nI0]dr . (14)
The following three conditions are necessary for the electron density ne(r|N)
to be consistent with the charge neutrality condition (11) in the electron-ion
model.
(I): As is seen from (14), the central nucleus forming an ion around it produces
an external potential vIN(r) to the ions, and pushes away surrounding ions
in the same manner to (11) of the electron-ion model, where the central ion
yielding an external potential vII(r) pushes away the other ions. This means
that the external potential vIN(r) for the ions caused by this fixed nucleus
should be identical to the ion-ion interaction vII(r) as an external potential
to the other ions. In a plasma which can be regarded as an electron-ion
mixture, the ion distribution nI(r|I) around a fixed ion is identical with the
ion distribution nI(r|N) around the fixed nucleus forming this fixed ion, since
we see the same ion-distribution only from two different points of view: we
sit either on the ion or on the nucleus inside the ion. Therefore, we have
nI(r|N)≡nI0gIN(r)=nI0gII(r)≡nI(r|I). As a natural result, we have the rela-
tion: vIN(r)=vII(r) (see Appendix A).
(II): From the same reason above, in addition to veN(r) = veI(r) the free-
electron distribution nfe(r|N) around a fixed nucleus is identical to the electron-
ion RDF ne0geI(r): n
f
e(r|N) = ne(r|N)−ρb(r) = ne0geI(r) . Thus, Eqs. (14)
and (11) lead to the definition of the number of bound electron in the ion,
ZB=
∫
ρb(r)dr, in the form:
ZB =
∫
[ne(r)−ne0geI(r)]dr , (15)
with the bound-electron distribution ρb(r) to yield the ion
ρb(r) = ne(r)−ne0geI(r) . (16)
(III): ne0= [ZA−ZB]nI0=ZInI0. As a result, Eq. (14) can be rewritten in the
form:
ZA =
∫
[ne(r)−ne0gII(r)]dr . (17)
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As is shown above, the average ion charge ZI is given in terms of geI(r) [a
quantity of the electron-ion model] and ZA with ne(r) [quantities of the AA
model] as follow:
ZI =
ne0
nI0
= ZA −
∫
[ne(r)−ne0geI(r)]dr = ZA −
∫
ρb(r)dr . (18)
This relation plays an important role to correlate the AA model to the
electron-ion model. It should be noted that this relation comes only from
(11), which is an exact relation for any electron-ion mixture. On the other
hand, the free-electron distribution nfe(r) around a fixed nucleus is defined as
nfe(r) ≡ nce(r)−∆ρb(r)=ne(r)−nbe (r)−∆ρb(r)=ne0geI(r) . (19)
Hence, ∆ρb(r) is represented in terms of quantities of the AA model [ne(r)
and nbe (r)] and quantities of the electron-ion model [ρ(Q) and SII(Q)] as
follows:
∆ρb(r) ≡ ne(r)−nbe (r)− ne0−Fr[ ρ(Q)SII(Q) ] . (20)
Here, the chemical potential µ0e satisfies the following equation:
ZA =
∑
ǫi<0
1
exp[β(ǫi − µ0e)] + 1
+ ∆ZB
+
1
nI0
∫
2
exp[β(p2/2m− µ0e)] + 1
dp
(2π~)3
, (21)
since ∆ZB ≡
∫
∆ρb(r)dr comes from the resonance in the continuum [(3.87)
in [1]], or from a part of the bound electrons nbe (r), which does not contribute
to the formation of an ion [Appendix B]. For example, in a fully ionized
hydrogen plasma, the bound-electron distribution ρb(r) is zero even though
nbe (r) 6=0, since the electron-proton RDF is given by ne0gep(r)=nbe (r)+nce(r)
[15]. In a simple metal on the other hand, there follows ∆ρb(r)=0, because
of ZB=
∫
nbe (r)dr. Another example is given for the case of a high density
plasma which has a strong resonant state and a small compressibility κT≈0:
for this system we obtain the bound-electron number ZB, as is seen from
Eq. (25) below
ZB =
∫
[ne(r)−ne0]dr =
∑
ǫi<0
f(ǫi)+
2
π
∑
ℓ
(2ℓ+1)
∫ ∞
0
f(E)
dδℓ(E)
dE
dE (22)
≈
∑
ǫi<0
f(ǫi)+
2
π
(2ℓ0+1)
∫ ∞
0
f(E)
dδℓ0(E)
dE
dE . (23)
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In final, note that Eq. (18) is written as:
ZI =
ne0
nI0
= ZA −
∫
[ne(r)−ne0]dr+ ZISII(0) . (24)
When SII(0)=n
I
0κT/β≈0, Eq.(24) becomes
ZI =
ne0
nI0
= ZA −
∫
[ne(r)−ne0]dr , (25)
which is adopted by Blenski and coworkers [10, 11, 12] as the charge neutral
condition in the VAAQP method. Although this equation has the same
structure to (18), it does not mean ρb(r)=ne(r)−ne0 .
3. Average ion in the jellium-vacancy model
On the base of a charge neutrality condition (25) and the local density
approximation (LDA), Blenski and coworkers [10, 11, 12] derived a formula
to determine the uniform electron density n0(= n
e
0) by use of variational
principles applied to the free energy of a plasma as a mixture of electrons
and ions, with respect to n0. Here, we show that the formula determining
the electron density n0 can be derived exactly within the framework of DF
theory [16] and the jellium-vacancy model by following the procedure of
Blenski et al, without use of LDA. Their formula is obtained by appling two
approximations to our formula: hence, the application limit of their formula
becomes clear.
In a neutral electron-ion mixture, the electrons in this mixture can be
treated as an electron gas in the uniform positive background (jellium model)
as an approximation. Let us consider an electron gas in the uniform back-
ground which has a vacancy g(r) [the step-function θ(r−R), for example]
with a fixed nucleus ZA at the center of the vacancy. In this system, the
central nucleus accumulates surrounding electrons to form an ”average ion”
in a plasma: this is referred to as the jellium-vacancy model (or the neutral
pseudo-atom model). The electron density distribution ne(r) around the cen-
tral nucleus is produced by imposing an external potential U(r) to a electron
gas in the uniform background: here U(r) comes from the vacancy with a
nucleus fixed at its center. Therefore, we can determine the electron density
distribution ne(r|U) under the external potential U by the DF theory using
its free energy F .
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In treating this inhomogeneous system, an effective external potential
Ueff(r) can be defined so as to satisfy the condition that the true electron
density ne(r|U) under the external potential U(r) should be identical with
the non-interacting electron density distribution n0(r|Ueff) under the external
potential Ueff(r):
n0(r|Ueff) ≡ ne(r|U) . (26)
Here, the non-interacting electron density distribution n0(r|Ueff) is deter-
mined as
n0(r|Ueff) ≡
∑
i
fi|φi(r)|2 , (27)
in terms of the wave function φi(r) and eigenvalues ǫi, which obey the wave
equation for a single electron:[−~2
2m
∇2 + Ueff(r)
]
φi(r) = ǫiφi(r) , (28)
and the Fermi distribution fi= f(ǫi) with the chemical potential µ0 of a
non-interacting electron gas.
For the purpose to obtain an explicit expression for the external potential
Ueff(r), let us note the relation for intrinsic free energy of non-interacting
electrons Fs:
δFs
δn0(r)
∣∣∣∣
TV
=
δFs
δne(r)
∣∣∣∣
TV
= µ0 − Ueff(r) ≡ γeff(r) , (29)
which is the rewritten form for the non-interacting system of Eq. (34), below,
in the real system [(3.5) in [16]]. Here, the intrinsic free energy Fs[n0] of the
non-interacting system is written in an explicit form:
Fs[n0] = Ts[n0]− TSs[n0] , (30)
where Ts and Ss are the intrinsic internal energy E˜s and the entropy of the
non-interacting system, respectively, defined by
Ts[n
0] ≡ E˜s ≡ Es −
∫
n0(r)Ueff(r)dr (31)
=
∑
i
fi
∫
φ∗i (r)
−~2
2m
∇2φi(r)dr , (32)
Ss[n
0] ≡ −kB
∑
i
[fi ln fi + (1− fi) ln(1− fi)] (33)
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with the internal energy Es =
∑
i fiǫi. On the other hand, the intrinsic free
energy F ≡ F − ∫ U(r)ne(r)dr defined as a part of the free energy F of this
system leads to
δF
δne(r)
∣∣∣∣
TV
= µ[n(r|U)]− U(r) ≡ γ(r) , (34)
as is shown by (2.13) in Reference [16]. Thus, the effective external potential
Ueff(r) is represented explicitly as
Ueff(r) = U(r) +
δFI
δne(r)
∣∣∣∣
TV
− µI (35)
with FI≡F−Fs and µI≡µ[n(r|U)]−µ0, which is derived by subtracting (29)
from (34). Equation (35) is the effective external potential to produce the real
electron density ne(r|U)=n0(r|Ueff) in terms of the non-interacting electron
density distribution. At this point, we introduce the exchange-correlation
free energy:
Fxc ≡ FI − E˜es , (36)
in order to extract the exchange-correlation effect from the interaction partFI
by subtracting the intrinsic electrostatic energy E˜es≡Ees[n]−
∫
U(r)ne(r)dr
defined for the electrostatic energy Ees[n] [16]. Then, we can represent the
intrinsic free energy F in the final form:
F ≡ F−
∫
U(r)ne(r) = Fs + FI = Fs + Fxc + E˜es , (37)
by taking the non-interacting particles, Fs, as a reference system in the DF
theory. Thus, there results from (35) [(3.30) in [16]]:
Ueff(r) =
δEes
δne(r)
∣∣∣∣
U(r)
+
δFxc
δne(r)
∣∣∣∣
TV
− µI = δ[Ees + Fxc]
δne(r)
∣∣∣∣
TV U(r)
− µI . (38)
In the above, we described general thermodynamic relations in the DF
theory as shown in the reference [16]. At this point, we consider an electron
gas in the jellium with a vacancy g(r) fixed a nucleus ZA at the center of the
vacancy: g(r) must be chosen to satisfy a condition ZA=
∫
[ne(r)−n0g(r)]dr.
Since the electrostatic energy Ees for this system is given by
Ees =
∫
dr
{
(ne(r)−n0g(r))
(
−ZA
r
+
1
2
∫
dr′vee(|r−r′|) {ne(r′)−n0g(r′)}
)}
,
(39)
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the electrostatic part of the effective potential (38) is written as
δEes
δne(r)
∣∣∣∣
U(r)
= −ZA
r
+
∫
vee(|r−r′|)[ne(r′)−n0g(r′)]dr′ (40)
= U(r) +
∫
vee(|r−r′|)[ne(r′)−n0]dr′ . (41)
Here,
U(r) ≡ −ZA/r + f(r) (42)
f(r) ≡ −n0
∫
vee(|r−r′|)[g(r′)−1]dr′ . (43)
That is, a vacancy g(r) with a nucleus ZA fixed at the center of the va-
cancy causes an external potential U(r) to the electron gas in the uniform
background. As a consequence, we can obtain the electron density ne(r|U)
by solving a wave equation for non-interacting electrons under the external
potential Ueff(r):
Ueff(r) = U(r) +
∫
vee(|r−r′|)[ne(r′)−n0]dr′ + µxc(r|ne)− µI . (44)
Here, µxc(r|ne)≡δFxc/δne(r)|TV is the exchange-correlation potential. If we
choose the chemical potential µ so as to be limr→∞Ueff(r) = 0, there result
µI=µxc[n0] and µ[n(r|U)]=µ[n0]≡µ because of limr→∞U(r)=0.
When a nucleus immersed in an electron gas in the jellium creates an
ion, the free energy F [n0] of the uniform electron gas with the density n0
becomes F [ne(r)]; the change of the free energy due to the formation of one
ion in a plasma is given by F [ne(r)]−F [n0]. Therefore, the free energy of a
plasma with N nuclei is given by A[ne(r), n0]≡F [n0]/N+{F [ne(r)]−F [n0]}
per particle, since all ions in a plasma have the same structure (the cluster
expansion, [11]). At this point, we derive an equation for n0 by minimizing
the free energy A[ne(r), n0] with respect to n0, under the condition to fulfill
the charge neutrality condition (17). For this purpose, we introduce the
following function with the Lagrange multiplier γ:
Ω[ne(r), n0] ≡ F [n0]/N+{F [ne(r)]−F [n0]}−γ
([∫
[ne(r)−n0g(r)]dr− ZA
])
.
(45)
Here, F =F+∫ U(r)ne(r)dr=Fs[ne(r)]+Fxc[ne(r)]+Ees due to (37).
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In general, for A[ne(r), n0], which is a functional of ne(r) and also a
function of n0, we have the next relation:
δA[ne(r), n0]
δn0
=
∫
δA[ne(r), n0]
δne(r′)
δne(r
′)
δn0
dr′ +
∂A[ne(r), n0]
∂n0
. (46)
So, Eq.(46) leads to the variation of Ees given by (39) with respect to n0 as:
δEes
δn0
∣∣∣∣
U(r)
=
∫
δEes
δne(r′)
∣∣∣∣
U(r)
δne(r
′)
δn0
dr′ −
∫
δEes
δne(r)
∣∣∣∣
U(r)
g(r)dr . (47)
Here,
δEes
δne(r)
∣∣∣∣
U(r)
= −ZA
r
+ f(r) +
∫
vee(|r−r′|)[ne(r)− n0]dr′ ≡ ves(r) . (48)
Next, the variation of Fs[ne(r)]+Fxc[ne(r)] with respect to n0 is obtained
only through the variation of ne(r). Therefore, the result is written as
δF
δn0
∣∣∣∣
TV U(r)
=
∫
δ[Fs + Fxc]
δne(r′)
∣∣∣∣
TV U(r)
δne(r
′)
δn0
dr′ +
∫
δEes
δne(r′)
∣∣∣∣
U(r)
δne(r
′)
δn0
dr′ −
∫
δEes
δne(r)
∣∣∣∣
U(r)
g(r)dr
=
∫
δF
δne(r′)
∣∣∣∣
TV U(r)
δne(r
′)
δn0
dr′ −
∫
δEes
δne(r)
∣∣∣∣
U(r)
g(r)dr (49)
= µ[n(r|U)]
∫
δne(r
′)
δn0
dr′ −
∫
δEes
δne(r)
∣∣∣∣
U(r)
g(r)dr . (50)
In the above derivation we use the next equation [(2.14) in Reference [16]]:
δF
δne(r)
∣∣∣∣
TV U(r)
= µ[n(r|U)] = δF
δne(r)
∣∣∣∣
TV
+ U(r) . (51)
On the other hand, the variation of the electron-gas free energy F [n0] with
respect to n0 is written in the form:
δF [n0]
δn0
∣∣∣∣
TV
=
∫
δF [ne]
δne(r)
∣∣∣∣
TV,U=0
dr =
∂F [n0]
∂n0
∣∣∣∣
TV
=
∫
µdr . (52)
In final, summing up all the above results, the variation of Ω about n0 is
obtained as
δΩ
δn0
∣∣∣∣
TV U(r)
=
∫
µdr
N
+ µ[n(r|U)]
∫
δne(r
′)
δn0
dr′ −
∫
δEes
δne(r)
∣∣∣∣
U(r)
g(r)dr−
∫
µdr
−γ
∫ [
δne(r
′)
δn0
− 1
]
dr′ − γ[1− S(0)]
nI0
= 0 . (53)
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Since µ[n(r|U)]=µ for the case limr→∞U(r)=0, the above equation provides
the final equation in conjunction with γ=µ :∫
δEes
δne(r)
∣∣∣∣
U(r)
g(r)dr =
∫
ves(r)g(r)dr = µS(0)/n
I
0 . (54)
Here,
S(Q) ≡ 1 + nI0FQ[g(r)− 1] . (55)
Therefore, when the vacancy function g(r) is determined in a self-consistent
way in the form, g(r)=gII(r), the charge neutrality condition (17) is exactly
satisfied. Also, when g(r) becomes the RDF gII(r) in an electron-ion mixture,
the uniform electron density n0 must fulfill the following equation:∫
ves(r)gII(r)dr = µSII(0)/n
I
0 = µκT/β . (56)
It should be mentioned that Eq. (56) is derived without any approximation to
Fxc[ne(r)] (the exchange-correlation part of free energy), and furthermore it
is derived only from the structure of electronic state Ees (39) and the charge
neutrality condition (17). This fact can be seen directly: when the electronic
energy is given by Ees=Ees[ne(r), n0] and the charge neutrality condition is
C[ne(r), n0] = 0, the condition to determine the uniform electron density n0
is written as
∂Ees[ne(r), n0]
∂n0
= µ
[
∂C[ne(r), n0]
∂n0
+
∫
dr− 1
nI0
]
. (57)
When we adopt (18) instead of (17) for the charge neutrality condition
C[ne(r), n0]=0, Eq. (57) yields the next equation:∫
δEes
δne(r)
∣∣∣∣
U(r)
gII(r)dr =
∫
ves(r)gII(r)dr = µ
∫
[geI(r)− 1]dr/nI0 . (58)
Furthermore, it is shown that the above equation reduces to (56) with the
use of (10). In another point of view, it is necessary that the vacancy g(r)
in (39) should be identical with the RDF gII(r) for the neutrality condition
(58) to be the same as the other (56). As shown above, Eq. (56) is exact
in the framework of the jellium-vacancy model and the DF theory based on
the jellium model. In contrast with our derivation, Blenski and Cichocki [11]
derived Eq. (56) on the base of (38) and (29) using some approximations.
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Equation (56) reduces to the result of Blenski and coworkers [10, 11, 12],
when we apply the following two approximations to (56): (A) gII(r)= θ(r−
Rws) and (B) SII(0)=n
I
0κT/β=0. Note that the approximation (B) is a good
one for a plasma at high density and low temperature because of κT/β ≈
0, but at this state the approximation (A) becomes inappropriate in the
integration of the left-hand side of (56). This is the reason why the VAAQP
method does not provide a good description of a plasma at high density
and low temperature. The approximation (A) yields a large error in the
evaluation of the electrostatic energy (39). In order to treat a plasma at high
density and low temperature, the RDF gII(r) must be correctly determined.
Moreover, the ’ionization model’ (25) cannot treat the ionization caused by
the temperature effect, as is seen from (22).
4. Average atom in the electron-ion model and QHNC method
In this section we give a summary to set up a set of integral equations
(QHNC) for calculating the RDFs in the electron-ion model with some im-
provement. At first, let us determine the density distribution ni(r|UIUe) of
i-species particle (i=e or I) induced by external potentials, UI(r) and Ue(r),
acting on ions and electrons, respectively. The DF theory can afford to
give exact expressions for the density distributions ni(r|UIUe) in terms of
the inhomogeneous density n0i (r|U effi ) of the noninteracting mixture under
the effective external potentials U effi , which should produce the same density
distributions ni(r|UIUe) in such a way [16]:
n0i (r|U effi ) ≡ ni(r|UIUe) . (59)
From the above definition, we obtain the explicit expression for U effi (r):
U effi (r) = Ui(r)+δFint/δni(r)−µinti (60)
in terms of the interaction part of the intrinsic free energy Fint and µinti ≡
µi−µ0i . Here, µi and µ0i are chemical potentials of interacting and noninter-
acting systems of i-kind particles, respectively. In this way, the DF theory
can reduce exactly a many-body problem to determine the density distri-
bution ni(r|UIUe) of the interacting mixture in the presence of the external
potential {UI, Ue} to a one-body problem to calculate the density distribu-
tion n0i (r|U effi ) in the noninteracting particles under the effective external
potential U effi (r).
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In the second place, with the use of the above result we can express the
density distribution of i-species particle ni(r|α), when an α-species particle
is fixed at the origin (i,α=I or e):
ni(r|α) = n0i (r|U effiα ) (61)
with
U effiα (r) = viα(r) +
δFint
δni(r|α) − µ
int
i (62)
= viα(r)− 1
β
∑
ℓ
∫
Ciℓ(|r−r′|) [nℓ(r′|α)−nℓ0]dr′ − Biα(r)/β (63)
in terms of the bridge functions Biα(r) and the direct correlation functions
Cij(r). In the above expression, the DCFs Cij(r) in the ion-electron mixture
are defined within the framework of the DF theory [1] by
Cij(|r− r′|) ≡ −β δ
2Fint[nI, ne]
δni(r)δnj(r′)
∣∣∣∣
0
= β
δ[µ0i−U effi (r)]
δn0j(r
′)
∣∣∣∣
0
−β δ[µi−Ui(r)]
δnj(r′)
∣∣∣∣
0
, (64)
where the suffix 0 denotes the functional derivative at the uniform densities
[17]. Actually the explicit expression for the DCFs is given by the Fourier
transform in the matrix form [18]
√
NC(Q)
√
N = (χ˜0Q)−1 − (χ˜Q)−1 (65)
in terms of the density response functions, χ˜Q ≡‖ χij (Q) ‖ and χ˜0Q ≡‖
χ0iQδij ‖, of the interacting and noninteracting systems, respectively, with
N ≡‖ ni0δij ‖.
Here, we assume that FQ[ni(r|α)−ni0] is expressed in terms of χij (Q) and
the exchange-part of DCF Cxii(r), which works only between the same kind
of particles representing the quantum exchange effect:
(ni0n
α
0 )
1/2FQ
[
ni(r|α)
ni0
− 1
]
=
χiα(Q)
χ0iQ
− δij − χii(Q)ni0Cxii(Q)δiα . (66)
When the fixed particle is an ion (α = I), the above equation provides an
exact relation, because of χiI(Q) = SiI(Q), χ
0I
Q = 1 and C
x
II(Q) = 0: Eq. (66)
reduces to the classical relation, ni(r|I)/ni0 = giI(r), represented by the RDF.
Therefore, the following equation only remains as an assumption:
ne0FQ
[
ne(r|e)
ne0
− 1
]
=
χee(Q)
χ0eQ
− 1− χ
ee
(Q)ne0C
x
ee(Q), (67)
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since the fixed electron does not have the exchange-correlation with surround-
ing electrons. In the jellium model for an electron gas, we can prove that the
exchange part of DCF, Cxee(Q), is related to the exchange part of the local
field correction Gx(Q), which is defined by local field corrections between up-
and down-spins, G↑↑(Q) and G↑↓(Q), as follows: C
x
ee(Q)/βvee(Q) = Gx(Q) ≡
[G↑↑(Q)−G↑↓(Q)]/2 [19, 20].
We can obtain the quantum Ornstein-Zernike relations for this mixture:
g
II
(r)− 1 = CII(r) + ΓII(r) (68)
geI(r)− 1 = B̂CeI(r) + B̂ΓeI(r) (69)
ne(r|eˆ)/ne − 1 = B̂[Cee(r)− Cxee(r)] + B̂Γeeˆ(r) (70)
with
ΓiI(r) ≡
∑
ℓ
∫
Ciℓ(|r− r′|)nℓ0[gℓI(r′)− 1]dr′ (71)
Γeeˆ(r) ≡
∑
ℓ
∫
Ceℓ(|r− r′|)[nℓ(r′|eˆ)− ne]dr′ (72)
by using a matrix identity
(χ˜Q)(χ˜
0
Q)
−1 − 1− χ˜Q
√
NCx(Q)
√
N
= χ˜0Q[(χ˜
0
Q)
−1 − (χ˜Q)−1 −
√
NCx(Q)
√
N ]
+χ˜0Q[χ˜
0
Q)
−1 − (χ˜Q)−1][(χ˜Q)(χ˜0Q)−1 − 1− χ˜Q
√
NCx(Q)] . (73)
Here, B̂ denotes an operator defined by
FQ[B̂f(r)] ≡ χ0Q
∫
eiQ·rf(r)dr . (74)
In the above, all equations except (67) are exact, although formal ones,
within the framework of the DF theory. In an attempt to get a definite
expression for the electron-ion interaction veI(r), we view a plasma more
fundamentally as a mixture of nuclei and electrons, and obtain veI(r) in the
form [21]
veI(r) = v˜eI(r) ≡ −ZA
r
+
∫
vee(|r−r′|) ρb(r′)dr′+µXC(ρb(r)+ne0)−µXC(ne0) ,
(75)
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where ρb(r) is the bound-electron distribution to satisfy
∫
ρb(r)dr = ZB.
Here, it should be kept in mind that the potential v˜eI(r) plays two roles
in the same expression: one is the electron-ion interaction veI(r) under the
frozen-core approximation, and the other is the electron-nucleus interaction
veN(r). When ρb(r) becomes consistent with both the electron-ion model and
the AA model, veI(r) is equal to veN(r) as mentioned in (II) of §2.
It is important to note that the above equations for giI(r) are rewritten
as a coupled set of two integral equations:
(I): One of them is the modified HNC equation to determine the RDF gII for
one component fluid interacting via an effective potential veff(r) [22]:
C(r) = exp[−βveff(r) + γ(r) +BII(r)]− 1− γ(r) , (76)
with γ(r)≡∫ C(|r−r′|)nI0[gII(r′)− 1]dr′ and an interaction veff(r) defined by
βveff(Q) ≡ βvII(Q)−
|CeI(Q)|2ne0χ0Q
1− ne0Cee(Q)χ0Q
, (77)
which is described in terms of the pseudopotential CeI(Q). The above equa-
tion (76) is the rewritten form of (68) by introducing the one-component
DCF C(r) [22]
C(Q)≡ 1
nI0
[
1− 1
SII(Q)
]
=CII(Q)+
|CeI(Q)|2ne0χ0Q
1− ne0Cee(Q)χ0Q
=CII(Q)+CeI(Q)ρ(Q) ,
(78)
which leads to the definition of γ(Q)≡C(Q)[SII − 1]=ΓII(Q)−CeI(Q)ρ(Q).
(II): The other is an integral equation (69) to determine the pseudopo-
tential CeI(Q), which provides the effective interaction veff(r) through (77)
to be used in (I):
BˆCeI(r) = n
f
e (r|veI − ΓeI/β −BeI/β) /ne0 − 1− BˆΓeI(r) . (79)
Equation (79) is solved in the AA model, as is discussed by (14 ).
Here, as mentioned in §2, the bound-electron distribution ρb(r) is deter-
mined from
ρb(r) = ne(r)−nfe(r) = ne(r)−ne0geI(r) = ne(r)−ne0−Fr[ ρ(Q)SII(Q) ] , (80)
by using a solution ne(r) of the wave equation under the external potential
U effeI (r) (63) with v˜eI(r) (75). Also, the electron density n
e
0 = ZIn
I
0 can be
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determined by the condition:
ne0
nI0
= ZA −
∫ {
ne(r)−ne0−Fr[ ρ(Q)SII(Q) ]
}
dr=ZI , (81)
or ∫
ves(r)gII(r)dr = µSII(0)/n
I
0 = µκT/β . (82)
The above equation (82) is shown to be valid also for the QHNC method if we
make further the point-ion or sphere-ion approximation (see Appendix A).
Here, note that the function nexte (r), defined to be ρpa(r)≡ρb(r)+ρ(r)=
ne(r)−nexte (r) in the work of Saumon’s group, is written as
nexte (r) = n
I
0
∫
ρ(|r−r′|)gII(r′)dr′=ne0geI(r)−ρ(r) . (83)
In order to obtain a set of real solutions for above equations, we must intro-
duce some approximations.
5. Variational Average-Atom in Quantum Plasmas (VAAQP) with
ion-ion correlation
In the electron-ion model the DCF CeI(r) is related to the relation (69):
BˆCeI(r) = geI(r)− 1− BˆΓeI(r) , (84)
ΓeI(r) ≡
∑
l
∫
Cel(|r− r′|)nl0[glI(r)− 1]dr′ . (85)
At this point, we introduce approximations to gII(r) by the step function
θ(r − R) and to CeI(r)≃βZIe2/r in (85). These two approximations reduce
(84) to an integral equation for the DCF CeI(r), since the effective electron-
ion interaction veffeI (r) to determine geI(r) is written only in terms of geI(r)
without unknown gII(r):
veffeI (r) = v˜eI(r) + f(r)− Γ¯eI(r)/β , (86)
v˜eI(r) = −ZA
r
+
∫
vee(|r−r′|)ρb(r′)dr′ + µxc(ρb(r) + ne0)−µxc(ne0) , (87)
f(r) ≡ −ne0
∫
vee(|r−r′|)[θ(r′−R)−1]dr′ =
{
ZI[3− (r/R)2]/2R for r < R
ZI/r for r ≥ R ,
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with ρb(r) ≡ nbe (r) + ∆ρb(r) ; that is, Eq. (84) is altered in a simple form
(see Reference [23] for details):
BˆC¯eI(r) = n
f
e(r|v˜eI + f − Γ¯eI/β)/ne0 − 1− BˆΓ¯eI(r) , (88)
with the definition of new functions
Γ¯eI(r) ≡
∫
C jellee (|r− r′|)ne0[geI(r)− 1]dr′ , (89)
C¯eI(r) ≡ CeI(r) + ne0
∫
β
e2
|r− r′| [θ(r
′ − R)− 1]dr′ = CeI(r)− βf(r) . (90)
Here, C¯eI(Q) is related to Γ¯eI(Q) by the relation:
Γ¯eI(Q) = n
e
0χ
jell
ee C
jell
ee (Q)C¯eI(Q) . (91)
and the suffix ’jell’ denotes a corresponding quantity in the jellium model.
Thus, equation (88) with (91) becomes an integral equation for C¯eI(r)
in conjunction with nfe(r) ≡ ne(r)−nbe (r)−∆ρb(r)=ne0geI(r), since Γ¯eI(r) is
expressible in terms of C¯eI(r) by means of (91). Thus, C¯eI(Q) obtained from
a set of integral equations yields a pseudo-potential CeI(Q) in the form:
CeI(Q) = C¯eI(Q) + βf(Q) , (92)
f(Q) ≡ ne0FQ[f(r)] = 3ZI
sin(RQ)− (RQ) cos(RQ)
(RQ)3
. (93)
Eq. (92) indicates that the pseudo-potential CeI(r)/(−β) in large distances
behaves as −f(r) =−ZI/r =−ne0/(nI0r) for a given ne0. In this way, when
the DCF CeI(Q)/(−β) is known, the effective ion-ion potential veff(r) can be
calculated by the formula
βveff(Q) ≡ βvII(Q)− |CeI(Q)|2ne0χjellQ . (94)
Once the interaction veff(r) is given, the ion-ion RDF gII(r) is obtained by
solving the HNC integral equation for a fluid:
C(r) = exp[−βveff(r) + γ(r)]− 1− γ(r) . (95)
Therefore, even in this model where gII(r) is approximated by the step func-
tion, we can use the RDF gII(r) to determine the electron density n
e
0 from
the condition: ∫
δEes
δne(r)
∣∣∣∣
U(r)
gII(r)dr = µSII(0)/n
I
0 = µκT/β , (96)
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where
δEes
δne(r)
∣∣∣∣
U(r)
= U(r) +
∫
vee(|r−r′|)[ne(r′)−ne0]dr′ . (97)
In the above, we pay attention to the exchange-correlation effect µxc(r|ne)
in Eq. (75), where it is described in terms of Cxcee ≡Cee+βvee as
µxc(r|ne) ≈ µxc(ρb(r)+ne0)− µxc(ne0) +
∫
Cxcee (|r− r′|)
−β [n
f
e(r
′)− ne0]dr′ . (98)
On the other hand, if we use the LDA, µxc(r|ne)≈µxc(ne(r))−µxc(ne0), instead
of (98), the effective interaction (86) for electrons becomes
veffeI (r) = −
ZA
r
+f(r)+
∫
vee(|r−r′|)[ne(r′)−ne0]dr′+µxc(ne(r))−µxc(ne0) , (99)
which is commonly used in the NPA model. Since Eq. (99) is represented
only by ne(r), any separation of ρb(r) from ne(r) is unnecessary to evaluate
this effective interaction. With the use of this approximation, when ne(r)=
ρ
[α−1]
b (r)+n
f[α−1]
e (r) and ne0 are given, we can determine the next free-electron
distribution n
f[α]
e (r) in the iteration, and obtain the new DCF for calculating
new SII(Q) as follows:
In the frozen-core approximation where ρ
[α−1]
b (r) is treated as fixed, the
wave equation can be solved to determine n
f[α]
e (r)=ne0geI(r) under the exter-
nal potential veffeI (r). In this calculation, as a free-electron contribution we
must take account of the bound states in nbe (r), which appeared as a shallow
bound state according to the temperature increase. The total electron distri-
bution ne(r) with the fixed electron density n
e
0 is invariant with respect to the
free- and bound-electron division if we use the approximation (99). There-
fore, new bound-electron distribution is obtained by ρ
[α]
b (r)=ne(r)−nf[α]e (r).
In this way, we can divide the electron distribution ne(r) in the bound and
free parts self-consistently. Thus, we can obtain new DCF to determine
new SII(Q) from Eq. (88). For simple metals, this set of equations (referred
to as NPA model) is easily solved because of ∆ρb(r) = 0, and the struc-
ture factor SII(Q) calculated by this model shows an excellent agreement
with the experiments [24, 25], while the RDF ne0geI(r), when determined
by ne0+Fr[ ρ(Q)SII(Q)], agrees with the results from the QHNC method
[26, 27, 24, 25].
An essential point of the VAAQP method is based on the jellium model as
an approximate model to the electron-ion model to treat the electron system.
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Therefore, the VAAQP method can provide only the electron pressure Pe. We
have proven that the pressure P of a plasma is given by the sum of electron
pressure and nuclear pressure by regarding a plasma as an electron-nucleus
mixture in the form ( (4.2) in Reference [28], (7.2) in Reference [16] and (91)
in Reference [29] ):
P = Pe + n
I
0kBT −
1
6
(nI0)
2
∫
gII(r) r · ∇veff(r)dr . (100)
Note that the VAAQP method gives all quantities in the above equation.
Equation (100) is derived on an assumption that the force Fα on α-nucleus in
the plasma, produced by electron clouds and surrounding nuclei, is the same
to the force on the α-pseudo-atom by surrounding pseudo-atoms (average
atoms) in the electron-ion model: Fα =−
∑
β∇αveff(|Rα−Rβ |) . Relating
to (100), we have replied in our notes [30] a question that the law of partial
pressures is applicable to an interacting system.
6. QHNC equation for an electron gas in the uniform jellium
In order to determine the electron-electron effective interaction veffee in an
electron gas, Kukkonen and Overhauser [13] have made an assumption that
the accumulated electrons ne(r|e) around the electron in an electron gas are
given by the electron density distribution ne(r|e) around the fixed electron
in an electron gas, and the second assumption that the effective potential
between an infinitesimal small test charge δe and the electron in an electron
gas should have the following relation
V effδe,̂e = V
eff
e,δ̂e
. (101)
Here, V effδe,̂e is an effective potential between the test charge and the fixed
electron, and V eff
e,δ̂e
is a potential for the electron in an electron gas caused by
the fixed test charge. These assumptions lead to the following equation[31]:
FQ[ne(r|e)− ne] = χee(Q)/χ0Q − 1 . (102)
Equation (102) involves an approximation that the ”fixed electron” in an
electron gas has the exchange-effect on surrounding electrons.
To see the meaning of the ”fixed electron”, let us put two test charges
in the electron gas: the one has an infinitesimal charge δe and the mass mδe
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and the other T with a finite charge eT and the mass mT. The electrostatic
potential for the large test charge T arising from the fixed test charge δe
should be equal to the electrostatic potential for the small test charge δe
produced by the fixed large test charge T, since the electrostatic potential
between two particles does not depend on their masses:
Velectrostatic ≡ V effδe,̂e = V effe,δ̂e . (103)
From this relation with eT=e, we have a bootstrap relation as follows,
FQ[ne(r|eˆ)− ne] = χee(Q)/χ0Q − 1− neCxee(Q)χee(Q) (104)
= χee(Q)/χ
0
Q − 1− neβvee(Q)Gx(Q)χee(Q) , (105)
and the Ornstein-Zernike equation for ne(r|eˆ)/ne is written as
ne(r|eˆ)/ne−1 = B̂[Cee(r)−Cxee(r)]+B̂
∫
Cee(|r−r′|)[ne(r′|eˆ)−ne]dr′ . (106)
However, we have no integral equation to determine Cxee(r). Since the ex-
change DCF Cxee(r) has a very short-range effect, it may be allowed to approx-
imate the LFC Gx(Q) by that of the jellium model. In treating a hydrogen
liquid, the exchange part Gx(Q) is important, and the correlation part Gc(Q)
should be determined in a coupled manner with the ion-structure [7, 32].
7. Discussion
The definition of the ionization state ZI itself is subject to controversy
because this quantity is not the eigenvalue of any operator [27]. However,
the DF theory ensures that the electron density distribution ne(r) is an ob-
servable physical quantity, although the bound- and the continuum-electron
distributions, nbe (r) and n
c
e(r), are not ensured separately as physical quan-
tities. On the other hand, in an ion-electron mixture the ion-electron and
ion-ion RDFs are also physical quantities ensured by the DF theory, when
the interactions, v˜eI(r) and vII(r), are known. Based on this view, we de-
fined the ’ion’ in the AA model in such a way that the ’ion’-electron RDF
nfe(r) around this ’ion’ becomes identical to the ion-electron RDF in the
ion-electron mixture in the form (19):
ne(r) = n
b
e (r)+n
c
e(r) = ρb(r)+n
f
e(r) = ρb(r)+n
e
0geI(r) . (107)
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Therefore, the ionization state ZI is a physical quantity defined in terms of
physical quantities, geI(r) and ne(r). Here, the electron-ion RDF geI(r) and
the density ne0 can be determined by the QHNC equations, (76) and (79),
self-consistently for an electron-ion mixture interacting via vII(r) and v˜eI(r)
with the frozen-core ρb(r), in accordance with the relation (107): here, the
interaction vII(r) assumed as known is determined as consistent with ρb(r).
To see the meaning of ZI as a physical quantity, let us consider an impu-
rity problem where an ion ZI is immersed in the jellium at density n
e
0 and
temperature T , for simplicity. If the ion-electron interaction v˜eI(r) is given
beforehand, the DF theory provides an integral equation to determine the
electron-ion RDF around the fixed ion under the QHNC approximation:
ne0geI(r) = n
0
e(r|v˜eI−ΓeI/β) , (108)
ΓeI(r) ≡
∫
C jellee (|r− r′|)ne0[geI(r)− 1]dr′ , (109)
BˆCeI(r) = geI(r)− 1− BˆΓeI(r) . (110)
Here, n0e(r|veffeI ) is calculated by solving a wave equation under the external
potential veffeI (r) = v˜eI(r)−ΓeI(r)/β. This set of equations becomes an inte-
gral equation also to determine the electron-nucleus RDF geN(r) as another
impurity problem fixed a nucleus ZA in the jellium, if we adopt Eq. (75) as
v˜eI(r) with the use of division (107). The charge neutrality condition for this
problem is written as
ZA =
∫
[ne(r)−ne0]dr =
∑
ǫi<0
f(ǫi)+
2
π
∑
ℓ
(2ℓ+1)
∫ ∞
0
f(E)
dδℓ(E)
dE
dE
=
∑
ǫi<0
f(ǫi)+∆ZB + ZI , (111)
by defining the number of bound electron:
ZB=
∫
[ne(r)−ne0geI(r)]dr=
∫
ρb(r)dr=
∑
ǫi<0
f(ǫi)+∆ZB , (112)
with ZI ≡
∫
[ne0geI(r)−ne0]dr and ne0geI(r)=nce(r)−∆ρb(r). Here, the electron-
ion RDF geI(r) is calculated from Eq. (108) with the use of the electron-
ion interaction v˜eI(r) where the core electron ρb(r) is taken to be frozen;
when the electron-ion RDF geI(r) is determined self-consistently to fulfill the
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division (107), then, the bound-electron distribution ρb(r) and ZI become
physical quantities in contrast with the bound-electron density nbe (r). The
first example is a proton impurity in the jellium at zero temperature. There
is no bound state when the electron sphere radius rs is smaller than 2. For
larger values of rs than 2 the 1s-bound state appears, and deepens and forms
a H− ion nbe (r) in accord with increase of rs [33, 34]. However, we cannot
take the H− ion as ρb(r), since the RDF n
e
0geI(r)=n
c
e(r) has a negative part
[35]; in reality, we have the RDF ne0gep(r) = n
b
e (r)+n
c
e(r) with ρb(r) = 0 for
all rs, that is ZI=1. In the case of Al impurity at rs=2.07, there appears a
weak 3s2 bound state, whose density is added to the continuum density nce(r)
to get geI(r) in the determination of ZI=3, as is the same to the assumption
made by Manninen et al [35].
In a proton-electron mixture which is in a liquid metal state without any
bound state [nbe (r)=ρb(r)=0], the 1s-level appears when the temperature is
increased at constant density [36]: even in this state, the electron-proton RDF
is given by ne0gep(r)=n
b
e (r)+n
c
e(r) because of ρb(r)=0 in a similar manner as
a hydrogen plasma gas [15]. In the case of a rubidium plasma [3], the shallow
bound levels are shown to appear with increase of the temperature in fig. 10,
and the electron-ion RDF without involving these shallow bound states does
not exhibit the continuous temperature-variation after the appearance of the
shallow 4d-level in fig. 7. Such a shallow-level density should be involved in
the free-electron distribution as is done for a beryllium plasma [37]. The size
of ion ρb(r) becomes as smaller as the temperature increases, owing to the
subtraction of the shallow-level density from nbe (r). In the thermal ionization,
the charge ZA−
∫
nbe (r)dr−ne0/nI0 becomes negative, if there is no resonant
state.
Appendix A. The central ion as an atom in the AA model
Let us consider a chosen central ion as an atom immersed in an electron-
ion mixture with a nucleus fixed at the origin of coordinates. The central
nucleus accumulates electrons ne(r|N), and pushes away the surrounding ions
nI(r|N). The free energy of this system is written as
F [ne(r|N), nI(r|N)] = F [ne, nI]+
∫
veN(r)ne(r|N)dr+
∫
vIN(r)nI(r|N)dr ,
(A.1)
when the fixed nucleus causes external potentials, veN(r) and vIN(r), for elec-
trons and ions, respectively, in terms of the intrinsic free energy F [ne, nI]. In
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the point-ion approximation which provides Ees by (39), this free energy is
represented as
F [ne(r|N), nI(r|N)] = Fs[ne, nI] + Fxc[ne, nI] + Ees , (A.2)
with
Fs = 1
β
∫
nI(r|N) ln[nI(r|N)λ3]dr+ F es [ne(r|N)] , (A.3)
where F es [ne(r|N)] is the intrinsic free energy of noninteracting electrons, and
λ indicates the thermal wavelength of ion. When the ion-ion interaction is
represented by vII(r)=v
0
II(r)+Z
2
I /r instead of a point ion, the point-ion free
energy (A.2) is only changed by an additional term
∫
v0II(r)nI(r|N)dr in the
external potential caused by the central nucleus as its free energy:
F [ne(r|N), nI(r|N)] = Fs[ne, nI]+Fxc[ne, nI]+Ees+
∫
v0II(r)nI(r|N)dr . (A.4)
From the above equation the effective ion-nucleus interaction veffIN(r) is derived
as follows. At first, because of nI(r|N)=nI(r|I) and geN(r)=geI(r), we obtain
δEes
δnI(r|N) =
δEes
δ[nI0g(r)]
=
ZIZA
r
−ZI
∫
vee(|r−r′|){ne(r′)−n0g(r′)}dr′ (A.5)
Second, we apply the frozen-core approximation to ne(r|N)=ρb(r)+n0ge(r|N),
there results
δFxc[ρb+nfe, nI]
δnI(r|N)
∣∣∣∣
ρb:fixed
≈ δFxc[n
f
e, nI]
δnI(r|I)
= n0
∫
CxcIe (|r−r′|)
−β {geI(r
′)−1}dr′ + nI0
∫
CxcII (|r−r′|)
−β {g(r
′)−1}dr′ .(A.6)
The frozen-core approximation is a fundamental assumption to build up the
electron-ion model for an electron-nucleus mixture. In final, the effective
ion-ion interaction veffIN(r) is obtained as
veffIN(r) = vIN(r)+δFint[ne, nI]/δnI(r|N) (A.7)
= vIN(r)+n0
∫
CIe(|r−r′|)
−β {geI(r
′)−1}dr′ + nI0
∫
CII(|r−r′|)
−β {g(r
′)−1}dr′ ,
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with Fint≡F−Fs and
vIN(r) = v
0
II(r) +
ZIZA
r
+
∫
vee(|r−r′|)ρb(r′)dr′
= v0II(r) +
Z2I
r
= vII(r) , (A.8)
since two ions do not approach each other in the distance smaller than a
repulsive core diameter σ of v0II(r):
∫ σ
0
ρb(r)dr ≈ ZB, that is,
ZA
r
−
∫
vee(|r−r′|)ρb(r′)dr′ =
ZA−
∫ r
0
ρb(r
′)dr′
r
−
∫ ∞
r
ρb(r
′)
r′
dr′ ≈ ZI
r
. (A.9)
Thus, the effective ion-nucleus interaction veffIN(r) and vIN(r) are shown to
be identical with veffII (r) and vII(r) of the electron-ion model, respectively;
the condition to define the ”ion” is fulfilled under these approximations. In
addition, the effective electron-nucleus interaction veffeN(r) is given by (3.8) in
reference [1]. Due to the relation δF/δne(r|N)=µe[n0, nI0], we obtain (56) by
following the same procedure as described in §3, since it is derived from the
same condition (57).
Appendix B. The thermal ionization
When a new bound state ǫb with a density n
ǫb
e (r) appears in accompany
with the temperature increase, the continuum-electron density nce(0) and the
bound-electron density nbe (0) at the origin have a cusp singularity around this
temperature, although the total electron distribution ne(0) has no singularity
[38]. Note that the bound-electron distribution ρb(r)=n
b
e (r)−nǫbe (r) and the
free-electron distribution nfe(r) = n
c
e(r)+n
ǫb
e (r) have no singularity as well
as ne(r). This fact is reasonable since this bound level ǫb has no physical
meaning, as is seen for the case of a hydrogen plasma gas, which keeps a fully
ionized state even when changed to a liquid metal hydrogen with a shallow
1s-level [15, 7].
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